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HYPERBOLICITY IN THE VOLUME PRESERVING SCENARIO
ALEXANDER ARBIETO AND THIAGO CATALAN
Abstract. Hayashi has extended a result of Man˜e´, proving that every diffeo-
morphism f which has a C1-neighborhood U , where all periodic points of any
g ∈ U are hyperbolic, it is an Axiom A diffeomorphism. Here, we prove the
analogous result in the volume preserving scenario.
1. Introduction and Statement of the Results
Let M be a C∞ d-dimensional Riemannian manifold without boundary and let
Diff1m(M) denote the set of diffeomorphisms which preserves the Lebesgue measure
m induced by the Riemannian metric. We endow this space with the C1-topology.
In the theory of dynamical systems, one important question is to know whether
robust dynamical properties in the phase space leads to differentiable properties
of the system. For instance, one of the most important properties that a system
can have is stability. This says that any system close enough to the initial have
the same orbit structure of the initial. In other terms, this says that there is a
topological conjugacy between this system and the initial one.
In a striking article [23] Man˜e´ proves that any C1 structurally stable diffeomor-
phism is an Axiom A diffeomorphism. In [26] Palis extended this result to Ω-stable
diffeomorphisms. Actually, Man˜e´ believe that a weaker property than Ω-stability
should be enough to guarantee the Axiom A property. Let us elaborate on this
property.
Given a diffeomorphism f over M , a periodic point p of f is hyperbolic if Df τ(p)
has eigenvalues with absolute values different of one, where τ(p) is the period of
p. In the space of C1 diffeomorphisms over M , Diff1(M), we can define the set
F1(M) as the set of diffeomorphisms f ∈ Diff1(M) which have a C1-neighborhood
U ⊂ Diff1(M) such that if g ∈ U then any periodic point of g is hyperbolic. In
[18], Hayashi proved that any diffeomorphism in F1(M) is Axiom A, which means
that the periodic points are dense in the nonwandering set Ω(f) and the last one is
a hyperbolic set. We recall that in dimension two, this was proved by Mane´ [22].
This was also studied for flows without singularities by Gan and Wen in [17].
Observe that in the volume preserving scenario, the Axiom A condition is equiv-
alent to the diffeomorphism be Anosov, since Ω(f) = M by Poincare´ Recurrence
Theorem. Hence, it is a natural question if Hayashi’s and Mane´’s results still holds
in the volume preserving scenario. Actually, it seems that the arguments of Man˜e´
holds in this case, specially the ones related to the perturbations. Moreover, using
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recent generic results in the volume preserving context much of the arguments of
the original proof can be avoided. The purpose of this article is to do this. We
want to stress out that we follow the same lines of Man˜e´’s original argument once
we show that periodic points must have the same index. We observe also that
Bessa and Rocha also have analogous results in [8] and together with Ferreira in
[9], for the context of incompressible and Hamiltonian flows, but in lower dimen-
sions (three and four respectively). We will also discuss what kind of results our
arguments could prove in the contex of incompressible flows in any dimension.
We define the set F1m(M) as the set of diffeomorphisms f ∈ Diff
1
m(M) which
have a C1-neighborhood U ⊂ Diff1m(M) such that if g ∈ U then any periodic point
of g is hyperbolic.
If f ∈ Diff1(M) then an f−invariant compact set Λ of M is called a hyperbolic
set if there is a continuous and Df -invariant splitting TΛM = E
s ⊕ Eu such that
there are constants 0 < λ < 1 and C > 0, satisfying
‖Dfkx |E
s(x)‖ ≤ Cλk and ‖Df−kx |E
u(x)‖ ≤ Cλk,
for every x ∈ Λ and n > 0. We say that f is an Anosov diffeomorphism, if M is a
hyperbolic set for f . The main result of this article is the following,
Theorem 1.1. Any diffeomorphism in F1m(M) is Anosov.
If the manifold is symplectic, i.e. it possess a non-degenerated closed 2-form
ω, then we can define the set F1ω(M) using only symplectic diffeomorphisms, i.e.
which preserves ω, as we did using volume preserving diffeomorphisms. We denote
by Diff1ω(M) the space of symplectic diffeomorphisms. It was proved by Newhouse
in [24] that any element of F1ω(M) is Anosov.
We observe that, since the neighborhoods of the diffeomorphisms are taken in
the respectively spaces Diff1m(M), Diff
1
ω(M), or Diff
1(M) we could take no relation
between F1m(M), F
1
ω(M) and F
1(M) direct from definition. But, as a corollary of
the previous theorem we obtain,
Corollary 1.2. F1ω(M) ⊂ F
1
m(M) ⊂ F
1(M).
Since the arguments to prove the main theorem involves heterodimensional cy-
cles, it is natural to try to relate it with the well known Palis conjecture [25] in
the volume preserving scenario. In fact the arguments needed to do this are due to
Crovisier and they were outlined in [14]. Since it is related to our main theorem,
we write it here just for sake of completeness.
Corollary 1.3. If f ∈ Diff1m(M) is not an Anosov diffeomorphism then it can be
approximated by one diffeomorphism, either exhibiting an heterodimensional cycle
if the dimension of M is greater than two or exhibiting an homoclinic tangency if
the dimension of M is two.
Actually, the statement for surfaces was proved by Newhouse in [24]. Since for
surfaces any volume preserving diffeomorphism is symplectic.
This paper is organized as follows. In section 2, we recall the Franks lemma in
the volume preserving scenario, which is one of the main tools used in the proof.
In section 3, we prove that the index for hyperbolic periodic points is constant in
a neighborhood of any f ∈ F1m(M). In section 4, we give a proof of our main
theorem. In section 5, we recall Crovisier’s arguments about Palis conjecture. In
section 6, we point out how the arguments in the previous sections could be use
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to prove some analogous results of Gan and Wen [17], Toyoshiba [28] and see how
this extends a corollary of Bessa and Rocha, in [8] to higher dimensions. Finally,
in the appendix we describe the adaptations to the volume preserving case of an
argument by Man˜e´.
2. Franks-type Lemma
One of the most useful and basic perturbation lemmas is the Franks lemma [16].
This lemma enable us to perform non-linear perturbations along a finite piece of
an orbit simply performing arguments from Linear Algebra.
In what follows, we will recall this lemma in the volume-preserving scenario,
which is contained in the work of Bonatti-Diaz-Pujals [12], proposition 7.4. See
also [20].
Lemma 2.1. Let f ∈ Diff1m(M) and U be a C
1-neighborhood of f in Diff1m(M).
Then, there exist a neighborhood U0 ⊂ U of f and δ > 0 such that if g ∈ U0(f),
S = {p1, . . . , pm} ⊂ M and {Li : TpiM → Tpi+1M}
m
i=1 are linear maps belonging
to SL(d) satisfying ‖Li −Dg(pi)‖ ≤ δ for i = 1, . . .m then there exists h ∈ U(f)
such that h(pi) = g(pi) and Dh(pi) = Li.
3. Index of Periodic Orbits
In this section we analyze the index of periodic orbits of diffeomorphisms in
F1m(M). By definition the index of a hyperbolic periodic orbit is the dimension of
its stable space. We will see that in the volume preserving case, the property of have
two periodic hyperbolic saddles with different indices cannot happen if f ∈ F1m(M).
The main result in this section is the following.
Proposition 3.1. Let f ∈ F1m(M) then there exist a neighborhood U of f in
Diff1m(M) and an integer i such that for every diffeomorphism g ∈ U and every
hyperbolic periodic orbit p of g, the index of p with respect to g is i.
This can be seen through the creation of heterodimensional cycles, thus the
proposition can be seen as the volume-preserving and discrete version of a result by
Gan and Wen (see theorem 4.1 of [17]). But, we can also apply a volume-preserving
version of a result by Abdenur-Bonatti-Crovisier-Diaz-Wen (corollary 2 of [2]). In
fact, if we define the Lyapunov exponent vector of a hyperbolic periodic point p of
period τ(p) by
v = (
log |µ1|
τ(p)
, . . . ,
log |µd|
τ(p)
),
where µ1, . . . , µd are the eigenvalues of Df
τ(p)(p) ordered by their moduli. Then
the volume preserving version of corollary 2 of [2] would gives us a residual subset
of Diff1m(M) such that for any homoclinic class of a diffeomorphism belonging to
this residual subset, the closure of the set of Lyapunov vectors of the saddles of this
homoclinic class is convex. This could be done, using the available perturbation
tools in the volume preserving case, the Pasting lemma [3] and the regularization
theorem of A´vila [5]. Moreover, by a result of Bonatti and Crovisier [11], we can
assume that for any difffeomorphism in this residual subset the whole manifold is
an homoclinic class. Thus, this would give us a saddle with an eigenvalue with
norm close to one and by Franks lemma 2.1 this would create a non-hyperbolic
point, after an small perturbation.
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However, since we want to show the relation of these objects with heterodimen-
sional cycles, we will give a proof based on some results by Man˜e´ and Gan-Wen
and we will explain why the arguments of [2] still are valid in the volume preserving
context.
First of all, we will recall some good properties of the periodic set that will be
very useful. We say that an f -invariant compact set Λ has a dominated splitting if
there exist a continuous splitting TΛM = E ⊕ F and constants m ∈ N, 0 < λ < 1
such that for every x ∈ Λ we have:
‖Dfmx |E(x)‖ ‖Df
−m
fm(x)|F (f
m(x))‖ ≤ λ.
Now, let Λi(f) denote the close of the set formed by hyperbolic periodic points of
f with index i. The following proposition which is the volume preserving version of
a result by Man˜e´, proposition II.1 of [22] (see also the work of Liao [21]) is essential.
It can be deduced from Franks Lemma 2.1 and adapting some arguments of Man˜e´.
We will give the necessarily adaptations in an appendix.
Proposition 3.2. If f ∈ F1m(M), there exist a neighborhood U of f in Diff
1
m(M),
and constants K > 0, m ∈ N and 0 < λ < 1 such that
a) For every g ∈ U and p ∈ Per(g) with minimum period τ(p) ≥ m
k−1∏
i=0
‖Dgm(gmi(p))|Esg(g
mi(p))‖ ≤ Kλk
and
k−1∏
i=0
‖Dg−m(g−mi(p))|Eug (g
−mi(p))‖ ≤ Kλk,
where k = [τ(p)/m].
b) For all 0 < i < dimM there exists a continuous splitting TΛi(g)M = Ei⊕Fi
such that
‖Dgm(x)|Ei(x)‖ ‖Dg
−m(gm(x))|Fi(g
m(x))‖ ≤ λ.
for all x ∈ Λi(g) and Ei(p) = Esg(p), Fi(p) = E
u
g (p) when p ∈ Per(g) and
dimEsg(p) = i.
c) For all p ∈ Per(g)
lim sup
n→+∞
1
n
n−1∑
i=0
log ‖Dgm(gmi(p))|Esg(g
mi(p))‖ < 0
and
lim sup
n→+∞
1
n
n−1∑
i=0
log ‖Dg−m(g−mi(p))|Eug (g
−mi(p))‖ < 0.
Proof of Proposition 3.1. If proposition 3.1 is not true, then there exist two hyper-
bolic periodic orbits p and q of f with respectively indices i and i + j, for some
j > 0.
Now, we state a result by Abdenur-Bonatti-Crovisier-Diaz-Wen in [2] in the
volume preserving case, we slightly modify the statement.
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Proposition 3.3. For any neighborhood U of f ∈ Diff1m(M), if there exist p, q ∈
Per(f) with indices i and i+j, respectively, then for any positive integer α between
i and i+ j there exist g ∈ U and a hyperbolic periodic point of g with index α.
We will explain why this proposition holds in the volume preserving case later.
Using this proposition, we can find hyperbolic periodic points p and q of f , by some
perturbation of f , with indices i and i+ 1, respectively.
In the sequence, we will see how to perturb f in order to get a heterodimensional
cycle between these two hyperbolic periodic points. First, we remember a result by
Bonatti-Crovisier [11]:
Lemma 3.4. There exists a residual subset R of Diff1m(M) such that if g ∈ R then
M = H(p, g), where H(p, g) is the homoclinic class for a hyperbolic periodic point
p of g. In particular, g is transitive.
Hence, perturbing and using the hyperbolicity of p and q, we can suppose that
our diffeomorphism f ∈ R and so it is transitive. Then using the connecting lemma
of Hayashi for conservative diffeomorphisms, see [11], we can create an intersection
between Wu(p) and W s(q), also perturbing if necessary, we can assume that this
intersection is transversal. Hence, this intersection is robust, and we can suppose
that this new diffeomorphism also belongs to R. Using the connecting lemma once
more, we can create an intersection between W s(p) and Wu(q). Thus we create a
heterodimensional cycle. We observe that this type of argument appears in [1].
As we comment above, what we want to do now is to find a periodic point with
at least one Lyapunov exponent close to zero. We can suppose that p and q are
fixed points.
Now, let R1 be the set of volume preserving diffeomorphisms where the ho-
moclinic class are disjoint or coincide. Using a result by Carballo, Morales and
Pacifico in [13] we know that R1 is a residual subset in Diff
1
m(M). So, we can
assume that f ∈ R ∩ R1. Hence, M = Λi(f) = Λi+1(f), i.e., hyperbolic periodic
points with indices i and i+1 are dense in M . Therefore, using Proposition 3.2 we
have a dominated splitting for f , TM = E ⊕C ⊕ F , such that the dimension of E
and C are equal to i and one, respectively. And thus, by the continuation of the
dominated splitting we still have this one for the perturbation of f that exhibits a
heterodimensional cycle between p and q.
Let U be some neighborhood of f in F1m(M) and U1 ⊂ U such that we still have
the previous dominated splitting for every g ∈ U1.
We recall now a perturbation result of Xia in [29].
Lemma 3.5. Fix φ ∈ Diff1m(M), there exist constants ε0 > 0 and c > 0, depending
only of φ, such that for any x ∈ M , any ψ ∈ Diff1m(M) ε0 − C
1 close to φ and
any positive numbers 0 < δ < ε0 and 0 < ε < ε0, we have that if d(y, x) < cδε,
then there is a ψ1 ∈ Diff
1
m(M) ε − C
1 close to ψ such that ψ1(ψ
−1(x)) = y and
ψ1(z) = z for all z 6∈ ψ
−1(Bδ(x)).
Then, we fix ε0 and c > 0 for f according the previous lemma. Now, let 0 <
ε < ε0 be such that if f1 ∈ Diff
1
m(M) is ε − C
1 close to f then f ∈ U1. Let
x ∈ W s(p) ∩Wu(q) and y ∈ Wu(p) ∩W s(q).
Now, let Bp and Bq be small balls in M centered at p and q, respectively.
Moreover, given any γ > 0 we may choose Bp such that ‖Df(z) − Df(p)‖ ≤ γ,
for every z ∈ Bp. By the choice of x and y we can choose m1,m2,m3 and m4
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positive integers such that fm1(x), f−m3(y) ∈ Bp and f−m2(x), fm4(y) ∈ Bq. Now,
let 0 < δ < ε0 such that
f−1(Bδ(f
m1(x))) ∩Bδ(f
m1(x)) = ∅, f−1(Bδ(f
−m2+1(x))) ∩Bδ(f
−m2+1(x)) = ∅,
and
f−1(Bδ(f
m4(y))) ∩Bδ(f
m4(y)) = ∅, f−1(Bδ(f
−m3+1(y))) ∩Bδ(f
−m3+1(y)) = ∅.
Using the λ-Lemma, we can find zm cδε−close to fm1(x) such that fm(zm) is
also cδε−close to f−m3(y) and f r(zm) ∈ Bp, 0 ≤ r ≤ m, for every m > 0 large
enough. Analogously, we can find zn satisfying similar conditions exchanging p for
q and the respectively iterates of x and y.
Hence, the set
Omn = {zm, ..., f
m(zm), f
−m3(y), ..., fm4(y), zn, ..., f
n(zn), f
−m2(x), ..., fm1(x)}
is a pseudo periodic orbit. Using lemma 3.5, we can perturb f in order to find a
periodic orbit pmn that shadows Omn. Moreover, note that {zm, ..., fm−1(zm),
f−m3(y), ..., fm4−1(y), zn, ..., f
n−1(zn), f
−m2(x), ..., fm1−1(x)} is the orbit of the
periodic point pmn. Moreover, pmn pass m and n times in Bp and Bq, respectively.
Furthermore, using the dominated splitting of f , we observe that m and n could
be chosen such that the index of pmn is either i+ 1 or i.
Now, fix some large n and choose m = m(n) as the biggest one such that,
pmn and pm−1n are hyperbolic periodic points of different perturbations of f with
indices i and i + 1, respectively. We will call these perturbations of f by g and h,
i.e., pmn ∈ Per(g) and pm−1n ∈ Per(h). We would like to remark that the way
to perturb f in order to construct these points gives us g = h outside Bp. Finally,
taking n large enough if necessary we have that g, h ∈ U1.
By the previous process we have that the orbit of the hyperbolic periodic points
pkn, k = m, m− 1, is
{zk, ..., f
k−1(zk), f
−m3(y), ..., fm4−1(y), zn, ..., f
n−1(zn), f
−m2(x), ..., fm1−1(x)},
where zk and zn can be found by λ−lemma, depending of k, as before.
Now, denoting by τ the period of pmn = f
−m3(y) and takingK = ‖Df(p)|C(f)‖,
we have
0 <
1
τ
log ‖Dgτ(pmn)|C(g)‖ =
1
τ
τ−1∑
t=0
log ‖Dg(gt(pmn))|C(g)‖
<
1
τ
(
τ−1∑
t=0
log ‖Df(gt(pmn))|C(f)‖+ γ)
≤
1
τ
(
τ−m−1∑
t=0
log ‖Df(gt(pmn))|C(f)‖+m(log ‖Df(p)|C(f)‖+ γ) + γτ)
<
1
τ − 1
(
τ−m−1∑
t=0
log ‖Df(gt(pmn))|C(f)‖+ (m− 1)(log ‖Df(p)|C(f)‖)) + 2γ +
K
τ
,
(3.1)
where we use that the central direction C is one-dimensional in the first equality, the
continuity of the dominated splitting in the second line and the choice of Bp in the
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third one. On the other hand, using the hyperbolic periodic point pm−1n = f
−m3(y)
of h and similarly arguments we have the following:
0 >
1
τ − 1
log ‖Dhτ−1(pm−1n)|C(h)‖ =
1
τ − 1
τ−1∑
t=0
log ‖Dh(ht(pm−1n)|C(h)‖
>
1
τ − 1
(
τ−1∑
t=0
log ‖Df(ht(pm−1n))|C(f)‖ − γ)
≥
1
τ − 1
(
τ−m−1∑
t=0
log ‖Df(ht(pm−1n))|C(f)‖+ (m− 1)(log ‖Df(p)|C(f)‖))− 2γ.
(3.2)
Now, since g = h outside Bp and the orbit of pmn and pm−1n also coincides outside
Bp we have g
t(pmn) = h
t(pm−1n) for 0 ≤ t ≤ τ −m− 1. Hence, we can replace the
inequality (3.2) in (3.1), to obtain the following
0 <
1
τ
log ‖Dgτ (pmn)|C(g)‖ < 4γ +
K
τ
.(3.3)
Therefore, since the period τ goes to infinity when n goes to infinity, and γ > 0
is arbitrary, it is possible to find a hyperbolic periodic point pmn with a Lyapunov
exponent sufficiently close to zero.
In the general case, when p and q are hyperbolic periodic points, the difference
is that the neighborhoods Bp and Bq must be neighborhoods of the orbits of p and
q, respectively, and then the numbers m and n will be multiples of the periods of
p and q, respectively. Hence, by the same arguments as before we can find the
periodic point pmn with at least one Lyapunov exponent sufficiently close to zero.
Finally, using Franks lemma 2.1 again, we can perturb it once more such that we
reduce a little bit the force of the eigenvalue associated to the Lyapunov exponent
close to zero in each point of the orbit of pmn such that we can get indeed a zero
Lyapunov exponent for the periodic point pmn. This means, we have an eigenvalue
with absolute value one, and then pmn is not a hyperbolic periodic point. Since all
of these perturbations can be done inside U ⊂ F1m(M) we have a contradiction. 
Remark 3.6. We observe that we could do the same arguments, using only that
there are periodic points with different indices, as it is done in [17]. But, the proof
is slightly simplified after that we found periodic points with indices i and i+ 1.
Now, we explain how proposition 3.3 could be proved in the volume preser-
ving case with the same arguments in the dissipative case. First, we will prove a
conservative version of the Proposition 2.3 in [2].
Proposition 3.7. There is a residual subset R2 of Diff
1
m(M) consisting of diffeo-
morphisms f such that PerR(H(p, f)), the set of hyperbolic periodic points of f
with the same index of p and with only real eigenvalues of multiplicity one, is dense
in H(p, f) for every non-trivial homoclinic class H(p, f) of f .
We recall that a periodic linear systems (cocycles) is a 4-tuple P = (Σ, f, E , A),
where f is a diffeomorphism, Σ is an infinite set of periodic points of f , E an
Euclidian vector bundle defined over Σ, and A ∈ GL(Σ, f, E) is such that A(x) :
Ex → Ef(x) is a linear isomorphism for each x (Ex is the fiber of E at x). For the
precise definition we refer the reader to the work of Bonatti-Diaz-Pujals [12].
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Lemma 3.8 (Lemma 1.9 in [12]). Let H(p, f) be a non-trivial homoclinic class.
Then the derivative Df of f induces a periodic linear system with transitions over
Perh(H(p, f)), the set of hyperbolic periodic points homoclinically related with p.
Using this lemma and Franks lemma 2.1, our problem in Proposition 3.7 becomes
a problem of linear algebra. We say that a periodic linear system with transitions
P = (Σ, f, E , A) is diagonalizable at the point x ∈ Σ if the linear map
MA(x) : Ex → Ex, MA(x) = A(f
τ(x)−1(x)) ◦ . . . ◦A(f2(x)) ◦A(x),
only has positive real eigenvalues of multiplicity one.
Lemma 3.9. For every periodic linear system with transitions P = (Σ, f, E , A)
and every ε > 0 there is a dense subset Σ′ of Σ and an ε−perturbation A′ of A
defined on Σ′ which is diagonalizable, that is, MA′(x) has positive real eigenvalues
of multiplicity one for every x ∈ Σ′.
By Remark 7.2 in [12] we can consider the perturbationA′ such that detA′(x) = 1
for every x ∈ Σ′. Then, as we have noted before, we can use Franks Lemma 2.1
and the previous lemmas to show proposition 3.7. In fact, after we have done all
these observations the proof is identically the proof of proposition 2.3 in [2].
Hence, we can suppose f ∈ R2 ∩R, where the residual set R is given by Propo-
sition 3.4, and then we may assume that p and q have only real eigenvalues of
multiplicity one for Df τ(p)(p) and Df τ(q)(q), respectively.
As we did before we can suppose, unless some perturbation, that f exhibits a
heterodimensional cycle between p and q. Hence the proof of the Proposition 3.3
follows direct from the next result stated in [2].
Proposition 3.10 (Theorem 3.2 in [2]). Let f be a diffeomorphism having a het-
erodimensional cycle associated to periodic saddles p and q, of indices i and i + j
with j > 0, with real eigenvalues. Then, for any C1−neighborhood U of f and for
any integer α with i ≤ α ≤ i + j, there exists g ∈ U having a periodic point with
index α.
Although this proposition has been stated there for dissipative diffeomorphisms,
all of the used perturbations of f are applications of Franks lemma and Hayashi’s
connecting lemma. Then, this proposition is still true in the volume preserving case
since these two perturbation tools are available in the conservative setting.
4. Proof of Theorem A
In the sequence we shall prove the hyperbolicity of Per(f) for every f ∈ F1m(M),
since we already know that the indices of hyperbolic periodic points is constant,
say s.
Let us fixe f ∈ F1m(M) and a continuous dominated splitting TPer(f)M = E⊕F
given by the Proposition 3.2. From now, we also consider m ∈ N, 0 < λ < 1 and
K > 0 as in the Proposition 3.2. We will prove that this splitting is hyperbolic. We
will follow here similar arguments as in the proof of Mane of Theorem B in [22].
To show this we need prove that we have contraction and expansion in the
sub-bundles E and F , respectively, unless a certain finite time iterate. Hence, by
compactness of Per(f), we just need to show the following
(4.1) lim inf
n→+∞
‖Dfn(x)|E(x)‖ = 0
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and
lim inf
n→+∞
‖Df−n(x)|F (x)‖ = 0,
for all x ∈ Per(f).
Observe it’s enough to prove the first case since the second one can be deduced
from the first one replacing f by f−1.
Suppose now (4.1) is not true. Then there exists x ∈M such that
‖Df jm(x)|F (x)‖ ≥ c > 0, for all j > 0.
Defining the following probability measure
µj =
1
j
j−1∑
i=0
δfmi(x),
where δ is the dirac measure, we can find a subsequence jn → ∞ such that µjn
converges to an fm−invariant probability measure µ in the weak∗ topology and
(4.2) lim
n→+∞
1
jn
log ‖Dfmjn(x)|E(x)‖ ≥ 0.
Hence, taking the continuous functional φ(x) = log ‖Dfm(x)|E(x)‖ over Per(f),
we obtain: ∫
Per(f)
φ dµ = lim
n→+∞
1
jn
jn−1∑
i=0
log ‖Dfm(fmi(x))|E(fmi(x))‖
≥ lim
n→+∞
1
jn
log ‖Dfmjn(x)|E(x)‖ ≥ 0.
And so, using Ergodic Birkhoff’s Theorem
(4.3) 0 ≤
∫
Per(f)
φ dµ =
∫
Per(f)
lim
n→+∞
1
n
n−1∑
i=0
log ‖Dfm(fmi(x))|E(fmi(x))‖ dµ.
Now let Σ(f) ⊂ M a total probability set given by the Ergodic closing lemma
in the volume preserving case, see [4]. Hence, denote by ν = 1
m
∑m−1
i=0 f
i∗µ the
f−invariant probability measure induced by µ, we have ν(Σ(f)∩Per(f)) = 1 since
ν is supported on Per(f). But now, by the invariance of Σ(f) ∩ Per(f) for f , it’s
easy to see that this is also a total probability set for µ. And so, this together with
(4.3) imply the existence of a point y ∈ Σ(f) ∩ Per(f) such that:
(4.4) lim
n→+∞
1
n
n−1∑
i=0
log ‖Dfm(fmi(y))|E(fmi(y))‖ ≥ 0.
Observe that part (c) of Proposition 3.2 is an obstruction for y be periodic.
Hence y 6∈ Per(f).
By (4.4), we can take λ < λ0 < 1 and n0 > 0 such that:
(4.5)
1
n
n−1∑
i=0
log ‖Dfm(fmi(y))|E(fmi(y))‖ ≥ logλ0,
when n ≥ n0.
In the next step we will find a hyperbolic periodic point p ∈ Per(g) such that
its orbit is “close” to the orbit of y, for g near f , and then we will use Lemma 2.1
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to exchange the derivative at the orbit of p, such that the inequality (4.5) gives us
a contradiction with part (a) of proposition 3.2.
Using that y ∈ Σ(f) we can approximate f by diffeomorphisms g such that there
exists p ∈ Per(g) and the distance between f j(p) and f j(y) is arbitrary small, for
0 ≤ j ≤ n, where n is the minimum period of pg. Since y is not periodic the period
n must goes to infinity when g approaches f . Hence we may choose g and p such
that:
(4.6) n ≥ m,
(4.7) k ≥ n0,
(4.8) Kλk < λk0
and
(4.9)
(
λ
λ0
)k
Cm ≤
1
2
,
where k = [n/m] and C = supx∈M ‖Df
−1(x)‖.
These choices together with (4.5) and the dominated splitting of f |Per(f) give
us the following
‖Df−n
fn(y)|F (f
n(y))‖ ≤
k−1∏
i=0
‖Df−m
fn−mi(y)|F (f
n−mi(y))‖ ‖Df
−(n−mk)
fn−mk(y)
|F (fn−mk(y))‖
≤ λk Cm λ−k0 ≤
1
2
.(4.10)
Let U be a neighborhood of Per(f) small enough such that the maximal set in
U
ΛU (f) =
⋂
n∈Z
fn(U)
has a dominated splitting and satisfying the thesis of the Proposition 3.2. Hence,
we can chose U ⊂ F1m(M) a neighborhood of f such that every h ∈ U has a
dominated splitting in ΛU (h) near of the dominated splitting in ΛU (f). Observe
that Eg(p) = E
s
g(p) and Fg(p) = E
u
g (p) since dominated splitting is unique if we fix
the dimensions, and the index of periodic points is constant for g ∈ U . Hence, taking
a smaller neighborhood U if necessary we can suppose Esg(g
i(p)) and Eug (g
i(p)) as
near as we want of E(f i(y)) and F (f i(y)), 0 ≤ i ≤ n, respectively.
In the sequence we will build some volume preserving isomorphismsAi : Tgi(p)M →
Tfi(y)M , 0 ≤ i ≤ n, near of identity in local coordinates. Moreover, for future con-
venience, we will have Ai(E
s
g(g
i(p))) = E(f i(y)) isometrically and Ai(E
u
g (g
i(p))) =
F (f i(y)), 0 ≤ i ≤ n.
We show how to construct A0, the other cases are analogous. We choose
{e1(i), . . . , es(i), r1(i), . . . , rd−s(i)} a basis of TiM, i = y, p,
such that {ej(i), 1 ≤ j ≤ s} is an orthonormal basis for E(y) if i = y or for Esg(p)
if i = p, and {rj(i), 1 ≤ j ≤ d− s} is an orthonormal basis for F (y) if i = y or for
Eug (p) if i = p.
Let A0 : TpM → TyM be a linear map satisfying A0(ej(p)) = ej(y) and
A0(rj(p)) = rj(y), 1 ≤ j ≤ d. Therefore, by construction, A0 is a volume pre-
serving linear map.
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Now, let us back to the proof. Let Li : Tgi(p)M → Tgi+1(p)M be volume preserv-
ing maps defined as follows
Li = A
−1
i+1Df(f
i(y))Ai, for 0 ≤ i ≤ n− 1.
Hence, taking n large enough if necessary, Li is as close of Dg(g
i(p)) as we
want, for all 0 ≤ i ≤ n − 1. Then, using lemma 2.1, we can find h ∈ U such
that p ∈ Per(h) and Dh(hi(p)) = Li, 0 ≤ i ≤ d − 1. Observe that E
s
g(p) and
Eug (p) still are invariants by Dh
n(p), by construction of L′is. This together with
(4.10), the proximity of f and g, and the dimension of the subspaces give us that
Euh(p) = E
u
g (p). And so, E
s
h(p) = E
s
g(p) too.
Finally, since Ai|Esg(g
i(p)) is an isometry, we have the following
‖Dhm(him(p))|Esh(h
im(p))‖ = ‖Dfm(f im(y))|E(f im(y))‖, for all i ∈ N.
Therefore,
k−1∏
i=0
‖Dhm(him(p))|Esh(h
im(p))‖ =
k−1∏
i=0
‖Dfm(f im(y))|E(f im(y))‖ ≥ λk0 ,
what contradicts Proposition 3.2. Therefore we showed that Per(f) is hyperbolic
if f ∈ F1m(M).
Finally to conclude that if f ∈ F1m(M) then f is Anosov, we just need to show
that Ω(f) = Per(f) since Ω(f) =M , by Poincare´’s Recurrence Theorem. This will
be a consequence of Pugh’s closing lemma.
If f ∈ F1m(M) then there exists some neighborhood U of f in Diff
1
m(M) such
that ♯Hn(g), the number of hyperbolic periodic points of g with period smaller or
equal than n, is finite and equal for every g ∈ U , since all diffeomorphisms in U has
only hyperbolic periodic points.
Now, suppose Per(f) ( Ω(f), and let x ∈ Ω(f)\Per(f). By Pugh’s closing
lemma we can fix k ∈ N such that all of the perturbations of f , needed to create a
hyperbolic periodic point near of x, are done in an arbitrary small neighborhood of⋃
−k≤j≤k
f j(x).
Thus, let U be a neighborhood of Per(f) such that f j(x) 6∈ U , −k ≤ j ≤ k. So,
using the closing lemma we can get g ∈ U and p ∈ Per(g) with p 6∈ U . However by
choice of k and U , f is equal to g in U and since p 6∈ U we have Hn(f) 6= Hn(g) for
some n ∈ N, what contradicts the fact of g ∈ U . Therefore, we have Ω(f) = Per(f)
and this completes the proof.
5. Palis Conjecture in the volume preserving scenario
In this section, we elaborate the arguments due to Crovisier in [14] on the Palis
conjecture in the volume preserving scenario, and this gives the proof of corollary
1.3. As we said in the introduction we only need to prove that if the dimension of
M is greater than two.
Suppose f ∈ Diff1m(M) is not Anosov then f 6∈ F
1
m(M). Therefore by theorem
A, there exists g ∈ Diff1m(M) close to f with a non hyperbolic periodic point p.
Thus, using Franks lemma 2.1, we can bifurcate this periodic point and produce
two hyperbolic periodic points q and r with indices i and i+ 1 respectively.
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Thus, as we did before in the proof of Proposition 3.1, we can perturb once more
and create a heterodimensional cycle between q and r.
For more details we refer the reader to [15].
6. Star Flows
In this section we observe how we can extend some results in the theory of star
flows to a divergence free context. Let X1(M) be the set of vector fields on M
endowed with the C1 topology. And X1m(M) ⊂ X
1(M) the subspace of vector
fields which are divergence free. By Liouville’s formula, we know that the flow
generated by a divergence free vector field is volume preserving, so they are also
called incompressible flows in the literature.
The analogous version of F1m(M) to the flow case are called incompressible star
flows. We say that X generates an incompressible star flow if there exits a neigh-
borhood U of X in X1m(M) such that if Y ∈ X
1
m(M) then all of its singularities and
periodic orbits are hyperbolic. We denote the set of incompressible star flows by
X
∗
m(M).
The analogous result by Gan and Wen in [17] should be true for incompressible
star flows.
Theorem 6.1. If X ∈ X∗m(M) has no singularities then X is Anosov.
In fact, this could be seen as follows. First of all, proposition 3.2 can be extended
to the context of incompressible flows exactly as Hayashi did in [18]. And the same
calculations that we did on heterodimensional cycles (which are inspired on the
calculations of [17]) can be done to prove the following proposition.
Proposition 6.2. If X ∈ X∗m(M) has no singularities then X has no heterodimen-
sional cycles.
Now, we observe that the version of Bonatti-Crovisier’s result lemma 3.4 to
incompressible flows can be found in [7]. Hence, together with the previous propo-
sition we obtain the following proposition.
Proposition 6.3. If X ∈ X∗m(M) has no singularities then there exist a neighbor-
hood U of X in X1m(M) and i ∈ N, such that the index of any periodic orbit of any
vector field Y ∈ U is i.
Now, we can adapt the arguments of Toyoshiba [28], in the same way that as we
did before, to obtain the following result.
Proposition 6.4. If X ∈ X∗m(M) has no singularities and there exist a neighbor-
hood U of X in X1m(M) and i ∈ N, such that the index of any periodic orbit of any
vector field Y ∈ U is i. Then X |
Per(X) is hyperbolic and Per(X) = Ω(X).
Finally, by Poincare´’s recurrence, we know that Ω(X) =M and this would imply
that X is Anosov.
If we denote by KS the C1-interior of Kupka-Smale incompressible vector fields
then KS ⊂ X∗m(M). Now, suppose that X ∈ KS and X has a singularity σ. Then
since Ω(X) = M and there are a finite number of singularities then σ is approx-
imated by regular orbits and so, by the connecting lemma, after a perturbation
we obtain that Wu(σ) ∩W s(σ) − {σ} 6= ∅. Thus this would be a non-transversal
intersection, but this is a contradiction since X ∈ KS. In particular, the analogous
result of Toyoshiba holds for incompressible flows.
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Corollary 6.5. Let X ∈ KS then X is Anosov.
Finally, we observe that if X is a C1-structurally stable divergence free vector
field then X ∈ KS. So the following corollary generalizes a corollary found in [8]
to any dimension (not only 3).
Corollary 6.6. If X ∈ X1m(M) is a C
1-structurally stable divergence free vector
field then X is Anosov.
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7. Appendix
In this appendix, we show the necessarily modifications to prove proposition 3.2.
In particular, we will review Man˜e´’s argument from [22] from page 523 to 540.
First we recall some notions introduced by Man˜e´ in our context. LetGL(d) be the
group of linear isomorphisms and SL(d) be the subgroup of GL(d) of isomorphisms
with determinant equal to one. By a hyperbolic sequence we mean a sequence
hyperbolic isomorphisms ξ : Z→ GL(d). The sequence is periodic if there exists m
such that ξj+m = ξj for j ∈ Z, the minimal positive m is called the period of the
sequence. If the stable space is the whole Rd then we call it a contracting sequence.
If the sequence is formed by volume preserving isomorphisms, i.e. ξ : Z → SL(d)
then we call it a vol-hyperbolic sequence. Also. a family of periodic sequences {ξα}
will be called a vol-family.
A family of periodic sequences {ξα} is vol-hyperbolic, if all of its sequences are
vol-hyperbolic and supα,j{‖ξ
α
j ‖} <∞. Define a distance d(ξ, η) = supα,j{‖ξ
α
j −η
α
j ‖
between two families ξ and η, we also say that they are equivalent if for every α the
period of ξα and ηα coincide. Moreover the family ξ is uniformly vol-hyperbolic if
there exists ε > 0 such that every equivalent vol-family η which satisfies d(ξ, η) < ε
is vol-hyperbolic.
The proof of proposition 3.2 goes as the same way as in [22], using Franks lemma
in the volume preserving case (lemma 2.1) and the following proposition, which is
analogous to lemma II.3 of [22].
Proposition 7.1. If {ξα} is an uniform vol-hyperbolic family then there exist
constants K > 0, m ∈ N and 0 < λ < 1 such that
(1) If ξα has period n ≥ m and k = [n/m] then
k−1∏
j=0
‖(
m−1∏
i=0
ξαmj+i)|Esmj‖ ≤ Kλ
k and
k−1∏
j=0
‖(
m−1∏
i=0
ξαmj+i)
−1|Eu
m(j+1)
‖ ≤ Kλk.
(2) For every α and j ∈ Z:
‖(
m−1∏
i=0
ξαj+i)|Esj ‖‖(
m−1∏
i=0
ξαj+i)
−1|Eu
j+m
‖ ≤ λ.
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(3) For every α:
lim sup
n→∞
1
n
n−1∑
j=0
log ‖(
m−1∏
i=0
ξαmj+i)|Esmj‖ < 0 and
lim sup
n→∞
1
n
n−1∑
j=0
log ‖(
m−1∏
i=0
ξαmj+i)
−1|Eu
m(j+1)
‖ < 0.
We only indicate the necessarily adaptations.
First, we recall lemma II.7 from [22], that will be used to control the stable and
unstable parts of the isomorphisms.
Lemma 7.2. Let {ξα} be a uniformly contracting family. There exists K > 0,
m ∈ N and 0 < λ < 1 such that
(1) If ξα has period n ≥ m and k = [n/m] then
k−1∏
j=0
‖
m−1∏
i=0
ξαmj+i‖ ≤ Kλ
k
.
(2) For every α:
lim sup
n→∞
1
n
n−1∑
j=0
log ‖
m−1∏
i=0
ξαmj+i‖ < 0.
With this we can prove the following lemma
Lemma 7.3. If {ξα} is a uniformly vol-hyperbolic family then there exist ε > 0,
K > 0, 0 < λ < 1 such that if {ηα} is an equivalent vol-family with d(ξ, η) < ε then
η is vol-hyperbolic. Moreover, if n is the period of ηα and η˜αj : R
n/Esj → R
n/Esj+1
is the map induced by ηαj then
‖
n−1∏
j=0
ηαj /E
s
0‖ ≤ Kλ
n and ‖(
n−1∏
j=0
ηαj )
−1‖ ≤ Kλn.
Proof. As Man˜e´ did, if ε > 0 is small and 0 < m < d and we take a vol-family {φβ}
containing every sequence φ : Z → GL(d −m) with same period of some ξα such
that supi ‖φ − (ξ
α
i )‖ < ε and this family is uniformly contracting. Indeed, if not
there exist a sequence ψ : Z→ GL(d−n) such that for some β, ψ and φβ have the
same period, supi ‖φ
β
i − ψ‖ is small and
∏n−1
j=0 ψj has an eigenvalue with modulus
1 and determinant close to 1 (since is close to φ).
Then construct a sequence ζ with the same period of ξ such that ζj = ψ
−1
j
restricted to Rd/Esj and equal to det(ψj)ξ restricted to E
s
j . Note that ζ is close to
ξ. This would contradict the vol-uniform hyperbolicity of {ξα}.
Now, we can proceed exactly as in the rest of the proof of lemma II.8 of [22]. 
Thus, as in [22]. We obtain (1) and (3) of proposition 7.1.
Now, we prove (2) of proposition 7.1. First, we observe that the next lemma
about angles (lemma II.9 of [22]) holds in the volume preserving case.
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Lemma 7.4. If {ξα} is an uniformly vol-family then there exist ε > 0, γ > 0 and
m ∈ N such that if {ηα} is an equivalent vol-family with d(ξ, η) < ε then for every
ηα with period n ≥ m the angles between stable and unstable spaces are bounded
away from zero, i.e.
∠(Es0(η
α), Eu0 (η
α)) > γ.
Indeed, to obtain a contradiction, Man˜e´ construct the following perturbation
ζj = ηj if 0 < j ≤ n− 1 and
ξ0 = η0
(
I C
0 I
)
.
For some suitable C, note that this is also a vol-sequence.
Finally, if (2) does not holds then Man˜e´ shows that the following sequence has
small angles between the stable and unstable spaces. The sequence has the form
ηt : Z→ GL(d), for some t and has period n large, such that for 1 ≤ j < n− 1,
ηti = (I + Ti)ξ
α
i (I + Pt) , η
t
i+j = (I + Ti+j)ξ
α
i+j and
ηti+n−1 = (I + St)Ti+n0−1ξ
α
i+n−1.
However, the transformations involved satisfy the following estimate for ε > 0 very
small,
‖Pt‖ ≤ ε , ‖St‖ ≤ ε and ‖Tj‖ ≤ ε.
Hence det(I + Tj), det(I + St) and det(I + Pt) are close to 1, so close as we want.
Hence we can divide η by these determinants appropriately and now we obtain a
vol-sequence, with same invariant spaces. In particular the angles are small and
again we obtain a contradiction with the previous lemma.
Remark 7.5. Actually, the same argument could be used to show that if a vol-family
is not uniformly hyperbolic then it is not uniformly vol-hyperbolic. Indeed, it would
have a not hyperbolic sequence sufficiently close. In particular, the determinant
would be almost one. Thus multiplying by the inverse of the determinant in a
direction distinct of the non-hyperbolic direction, we obtain a not hyperbolic vol-
sequence close to the original. A contradiction.
We finish this appendix with some comments about proposition 3.2 in the sym-
plectic case. Of course if f is Anosov the statements of that proposition are ob-
viously true. In fact, such proposition is true by the arguments of Newhouse [24],
since he proves that if a symplectic diffeomorphism has an homoclinic tangency
than it can be approximated by one with an 1-elliptic periodic point, which is in
particular a non-hyperbolic point.
However, proposition 3.2 could be obtained directly. For instance, the domi-
nation part could be obtained using arguments from [19] and [10]. In fact, Avila-
Bochi-Wilkinson in [6] theorem 3.5, obtains a direct proof that a partially hyperbolic
non-Anosov diffeomorphism can be approximated by one with a non-hyperbolic pe-
riodic point under the hypothesis of unbreakability. Since there are many references
and ideas about this subject we will not elaborate more on it and we refer the
reader to those references for more details.
16 ALEXANDER ARBIETO AND THIAGO CATALAN
References
1. Abdenur, F. Generic robustness of spectral decompositions. Ann. Sci. cole Norm. Sup. (4) 36
(2003), no. 2, 213–224.
2. Abdenur, F.; Bonatti, C.; Crovisier, S.; Diaz, L.; Wen; L. Periodic points and homoclinic
classes. Ergod. Th. and Dynam. Sys. 27 (2007), 1-22.
3. Arbieto A. and C. Matheus. On dominated splittings for conservative systems. Ergodic Theory
and Dynamical Systems, 27, no. 5, (2007), 1399-1417.
4. Arnaud, M-C. Le ”Closing Lemma” en topologie C1, Supplment au Bull. Soc. Math. Fr.
74(1998)
5. A´vila, A. On the regularization of conservative maps, to appear in Acta Mathematica.
6. A´vila, A. Bochi, J. andWilkinson. Nonuniform center bunching and the genericity of ergodicity
among C1 partially hyperbolic symplectomorphisms, Annales Scientifiques de l’cole Normale
Suprieure, 42, n. 6 (2009), 931-979.
7. Bessa, M. Generic incompressible flows are topological mixing, Comptes Rendus Mathema-
tique vol. 346, 1169-1174, 2008.
8. Bessa, M.; Rocha, J. Three-dimensional conservative star flows are Anosov, Discrete and
Continuous Dynamical Systems A , vol 26, 3, 839-846, 2010.
9. Bessa M., Ferreira C., Rocha J., On the stability of the set of hyperbolic closed orbits of a
Hamiltonian. Preprint.
10. Bochi, J. C1-generic symplectic diffeomorphisms: partial hyperbolicity and zero centre Lya-
punov exponents, ournal of the Institute of Mathematics of Jussieu, 9, no. 1 (2010), 49-93.
11. Bonatti, C. and Crovisier, S. Recurrence et generecite. Inv. Math. 158 (2004), 33-104
12. Bonatti, C.; Diaz, L.; Pujals; H. A C1-generic dichotomy for diffeomorphisms: Weak forms of
hyperbolicity or infinitely many sinks or sources. Annals of Math. 158 (2003), pp. 355-418.
13. Carballo, C.; Moralles, C.; Pacifico, M. Homoclinic classes for generic C1 vector fields. Ergod.
Th. and Dynam. Sys. 23 (2003), pp. 403-415.
14. Crovisier, S. Perturbation de la dynamique de diffeomorphismes en topologie C1. Preprint
(2009).
15. Crovisier, S. Birth of homoclinic intersections: a model for the central dynamics of partially
hyperbolic systems. To appear in Annals of Math.
16. Franks, J. Necessary conditions for stability of diffeomorphisms. Trans. A.M.S. 158 (1971),
301-308.
17. Gan, S. and Wen, L. Nonsingular star flows satisfy Axiom A and the no-cycle condition.Invent.
Math. 164 (2006), no. 2, 279–315.
18. Hayashi, S. Diffeomorphisms in F1(M) satisfy Axiom A. Ergod. Th. and Dynamical Sys.
12(1992), 233-253.
19. Horita, V and Tazhibi A. Partial hyperbolicity for symplectic diffeomorphisms. Ann. Inst. H.
Poincar Anal. Non Linaire 23 (2006), no. 5, 641–661.
20. Liang, C. Liu, G. and Sun W. Equivalent Conditions of Dominated Splittings for Volume-
Preserving Diffeomorphism. Acta Math. Sinica 23 (2007), 1563-1576.
21. Liao, S.T. A basic property of a certain class of differential systems (in Chinese). Acta Math.
Sin. 22, 316343 (1979)
22. Man˜e´ M. An Ergodic Closing Lemma. The Annals of Mathematics 2nd Ser., Vol 116, No. 3.
(Nov., 1982), 503-540.
23. Man˜e´ M. A proof of the C1 stability conjecture. Publ. Math. de IHES, Vol 66, (1987), 161-210.
24. Newhouse, S.E. Quasi-eliptic periodic points in conservative dynamical systems. American
Journal of Mathematics, Vol. 99, No. 5 (1975), 1061-1087.
25. Palis, J. Global perspective for non-conservative dynamics. Annales I. H. Poincare - Analyse
Non Lineaire, v. 22. (2005), 485-507.
26. Palis, J. On the C1 Ω-stability conjecture. Inst. Hautes tudes Sci. Publ. Math. No. 66 (1988),
211–215.
27. Pujals, E. and Sambarino, M. Homoclinic tangencies and hyperbolicity for surface diffeomor-
phisms. Annals of Mathematics, 151 (2000), 961-1023.
28. Toyoshiba, H. Vector Fields in the Interior of KupkaSmale Systems Satisfy Axiom A , Journal
of Differential Equations, V. 177, n.1 (2001), 27-48.
29. Xia, Z. Homoclinic points in symplectic and Volume-Preserving diffeomorphisms, Communi-
cations in Mathematical Physics, 177 (1996), 435-449.
HYPERBOLICITY IN THE VOLUME PRESERVING SCENARIO 17
Instituto de Matema´tica, Universidade Federal do Rio de Janeiro, P. O. Box 68530,
21945-970 Rio de Janeiro, Brazil.
E-mail address: arbieto@im.ufrj.br
Instituto de Cieˆncias, Matema´tica e Computac¸a˜o, Universidade de So Paulo, 16-
33739153 Sa˜o Carlos-SP, Brazil
E-mail address: catalan@icmc.usp.br
